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Obtain a marginal probability distribution for

DEfInlng our prOblem: continuous variable x.

p(x)

If we have a joint distribution over variables x and z, we can

obtain the marginal using the sumrule: p(x) = )., p(x, z).
We can write the joint distribution as the multiplication of a
conditional distribution and a marginal distribution using the

productrule: p(x,z) = p(x|2)p(2)

(o, 21 = 1) (Xn+33,22 = 1)
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Defining our problem: | =) »aizp@ = ) ¥ (xlu, o)
Z k

p(zy =1) =m

p(x|z; = 1) = NV (x|py, 07) p(zz = 1) = my

p(x)

—1) = 2
/ p(z, =1) =m px|zz = 1) = N (x|us, 03)

p(x|z; =1) = N(XLUZ;UZZ)
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\
I J |
7 \I/ \

(xn’ Z1 = 1) (xn_|_33,Z2 — 1) (xn+53’Z3 — 1)
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Defining our problem:

p(x)

Obtain the parameters for the conditional
distributions p(x|z) by maximizing the log-
likelihood function, given each value of z.

Likelihood function: L(uq, 0£1X1) = N (x1|py, 0£) X =-- X N(XN1|#1»012) = Hﬁil N (xnluq, 07)

Log-likelihood function: Il (i, 62 |X1) = nglln N (xnpy, 0F)
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Defining our problem: v =) p@xiaw@ = ) ¥ (xlw o)
Z k

p(x)

p(X) — 7T1N(X|,Lll, 0-12) T 7T2N(X|liz» 0-22) T 7T3N(X|,u3, 0-32)

— AR DO 1 = OO QAL e oo CACAS, @Cﬁfﬁ}: S, = X
X,,Z1 =1 _ _
( n <1 ) (xn_|_33,22 — 1) (xn+53'23 _ 1)
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Deﬁning our prOblem. Obtain a marginal probability distribution for

continuous variable x, when we don’t know z

= Consider z a latent variable (unobserved)

" |f we have a joint distribution over variables x and z, we can
obtain the marginal using the sumrule: p(x) = )., p(x, z).

= We can write the joint distribution as the multiplication of a
conditional distribution and a marginal distribution using the

p(x)

productrule: p(x,z) = p(x|z)p(2)

. "o

CS4641B Machine Learning | Fall 2020



GMM: latent variable representation

" Model the probability density distribution of a random variable X as a mixture of

Gaussians
K

p() = ) m N (x| Ei)
k=1

" |ntroducing the binary random variable z that indicates a possible component from
which a data point X was generated. zZ will have a 1-of-K encoding such that z;, €

{0,1} and },;, z;, = 1.

=

p(z, = 1) = my, 0<m <1, m, =1
k=1
K
p(z) = Hﬂi"
k=1
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GMM: latent variable representation

= Define ajoint distribution p(X,z) in terms of random variables X and z

" We can write a joint distribution using the product rule:

p(x,z) = p(x|z)p(z)

" And the conditional distribution of X given a value of Z (i.e. the conditional probability
of X given that it was generated by component k)

p(X|zx = 1) = N (X| g, )

K
p(X|z) = HN(Xlﬂk;zk)Zk
k=1
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GMM: latent variable representation

= Using the sum rule, we can marginalize variable z (i.e. sum over the possible states of
Z) to obtain p(X)

p() = ) p(x2) = ) pxlDp@ = ) {ﬁ W (Xl ) ﬁ ni"}

Z k=1 k=1

K K
p(x) = z {H 7T N (X Zk)zk} = Z T N (X| g, Zg)

Z k=1 k=1
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GMM: latent variable representation

" Using the Bayes rule, we can compute the conditional probability of z given X, i.e.

responsibility that component k explains the observation X

T N (X| g, 2 )
j= 17TJN(X|I"]’ J)

v(zr) = p(zx = 1|x) =
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MLE for GMM

" Probability density function for GMM

K
p(x) = Z T N (X| g, L)
k=1
= | ikelihood function of the dataset X
N N K

LX) = | [pe0) = [ [ ) mev el 2
1 n=1

n= k=1

" Log-likelihood function of the dataset X
N K

U(m, i, 2|X) = InL(m, u, 2|1X) = lnl [Z T, N (X | i, Zr) =

n=1 k=1
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MLE for GMM

" Mean for each component, u,

‘IrVL=1 Y (Zni)Xn

—l(m, u, 2[X) =0 - uy, =
oy, e

" Covariance for each component, X,

11¥:1 V(an)

7I¥=1 ¥ (Zni) (X, — Hg) (X,

—l(m, 1u, Z1X) =0 - X, =

— Mk)T

0X,
= Mixing component, 1Ty,

—ll(m, u, Z|1X) =0 - my, =
d1y,
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11¥=1 V(an)

11¥=1 V(an)

N
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MLE for GMM

p(x)
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EM-algorithm for GMM

" E-step: evaluate the responsibilities using current parameters

T N (Xp | g, i)
j= 17TJN(XH|”J' J)

Y (Znk) =

= M-step: re-estimate the parameters using the current responsibilities

prew = 71\1’=1 Y (Znk)Xn
k Nk
yrew _ ‘Irvl=1 V(an)(xn — ”‘;(leW) (Xn — ﬂ;clew)T
Ny
e _ Mo
N
Where N =
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EM-algorithm for GMM

T
L 1.0 8.0
X
?, 2.5 7.5
X 2.0 7.0
feature 2 Dataset: X = |~ 2 =
X 8.5 2.5
Xl X X’g 90 20
® P T 8.0 1.0dyxp=6x2
® Xedyxp
X3
Parameter initialization
1‘21 2:2
X4 Mixing components: 7z = | 209
x o & comp 040 IxK
ﬂll 2:1 .XS .
P
X6 Cluster centers: M = [M;] — [;g 2(5)
feature 1 > | T KxD=2x2

1 0

Covariance matrices: X4 = X, = [O 1]
DXD=2x2

CS4641B Machine Learning | Fall 2020



E-step: evaluate responsibilities

TN (Xn |k Zk)

= For each datapoint X,,, evaluate y(z,,;) =

25-21 N (Xn|pj2 )

1 1
N (Xn |y, Zx) = ——Fp—Fexp {—5 (Xn — ) "2 (X — )
(2m)2[X|2
= |et’sconsiderx! =[1.0 8.0]
= Forz! =[1 0] (componentk =1)
B 1 1 1 07[1.0—4.5

21T det([(l) (1) )2

= Forz =[0 1] (componentk =

)
1 1 1 O
N(xXq|Hy, Zp) = - eXp {—5 [1.0— 2.5 8.0 — 5.0] [0 1] [

21 det ([(1) (1) )E
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1.0 — 2.5
8.0 — 5.0

}

} =9.40 x 10711

} =5.74 x 10~%
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EM-algorithm for GMM

X7

L 1.0 8.0

X

?, 25 7.5

o [XEl |20 70

feature 2 Dataset: X = ) =lgc e

X75" 90 2.0

7 8.0 1.00yxpexo

-*6-INxD

Parameter initialization

N 0.60
0X4 Mixing components: 1T = 10.40 1xK
Uy, 21 ¢ Xr T
'x6 Cluster centers: M = [ﬂ;] = [gg 2(5)
feature 1 5 | T

1 0

Covariance matrices: X1 = ¥, = [O 1]
DXD=2X2
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EM-algorithm for GMM

o
L 1.0 8.0
X
?, 2.5 7.5
X 2.0 7.0
feature 2 Dataset: X = |~ 2 =
X 8.5 2.5
X1 T 90 2.0
o X2 > 8.0 1.00yyp—cxo
® Xedyxp
X3
Parameter initialization
1‘21 Z2
X4 Mixing components: 7z = | 209
% o & comp 040 IxK
er z1 .XS .
P
X6 Cluster centers: M = [M;] — [;2 2(5)
feature 1 > | T KxD=2x2

1 0

Covariance matrices: X4 = X, = [O 1]
DXD=2x2
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E-step: evaluate responsibilities

T[kN(Xn |I"’k'

Xi)

= For each datapoint X,,, evaluate y(z,,;) =

2

25-21 7N (Xn |12 })

1 1 o1
N (Xp g, Zg) = ——expi—= (Xp, — ) T (X — Hy)

(2m)2|X|2

= Let’s considerxi =[9.0 2.0]
= Forz' =[1 0] (componentk =

)
1 1 1 0
N(xs|py, Zq) = T exXp {_E 9.0 —4.5 2.0 —2.5] [O 1] [

21T det([(l) (1) )2

= Forz =[0 1] (componentk = 2)

1 1 1 0
2

maet([L O
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9.0 — 45
2.0—25

9.0 — 2.5
2.0 —5.0

}

} = 5.63x107°

} = 1.18 x 10714
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EM-algorithm for GMM

X7

L 1.0 8.0

X

?, 25 7.5

o [XEl |20 70

feature 2 Dataset: X = ) =lgc e

X75" 90 2.0

7 8.0 1.00yxpexo

-*6-INxD

Parameter initialization

N 0.60
0X4 Mixing components: 1T = 10.40 1xK
Uy, 21 ¢ Xr T
'x6 Cluster centers: M = [ﬂ;] = [gg 2(5)
feature 1 5 | T

1 0

Covariance matrices: X1 = ¥, = [O 1]
DXD=2X2
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EM-algorithm for GMM

o
L 1.0 8.0
X
?, 2.5 7.5
X 2.0 7.0
feature 2 Dataset: X = |~ 2 =
X 8.5 2.5
X1 T 90 2.0
o X2 > 8.0 1.00yyp—cxo
® Xedyxp
X3
Parameter initialization
1‘21 Z2
X4 Mixing components: 7z = | 209
% o & comp 040 IxK
er z1 .XS .
P
X6 Cluster centers: M = [M;] — [;2 2(5)
feature 1 > | T KxD=2x2

1 0

Covariance matrices: X4 = X, = [O 1]
DXD=2x2
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E-step: evaluate responsibilities
= Forx! =[1.0 8.0], N(Xq|pn,2;) =9.4x 1071 N (xq|p,2,) =5.74 x 10~*

0.60%x9.4x10~ 11 _
- — =246 X 1077
(0.60%x9.4%x10~11)+(0.40%5.74X10~%)

0.40%5.74%x10~%
= Componentk = 2:v(z = = ~1
P )/( 12) (0.60%9.4%x10~11)+(0.40%5.74x10~4%)

= Componentk = 1:y(zy1) =

" Forxf =[9.0 2.0] N(xs|uy,2;) =5.63x 1076, NV(x5|u;, E;) = 1.18 x 10712
0.60%5.63x107° — 1
(0.60x5.63X10-6)+(0.40x1.18x10~12)

0.40%x1.18x1012 — 140 x 10-7
(0.60%5.63x10~6)+(0.40x1.18x10~12) =~ "

= Componentk =1:y(zg;) =

= Componentk = 2:y(zs,) =
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E-step: evaluate responsibilities

feature 2

Responsibilities: I' =
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feature 1

2.46 X 10~7

1.72 X 107°
0.003

~1
~1
0.997
1.33x 10°°
1.40 x 1077
8.50 x 1078 NXK

23



M-step: reevaluate parameters

N
Ne=) v 1.0
n=1 2.5
2.0
”new — 11\1’=1 y(Zle)XTl X o 8_5
. N, 9.0
. 8.0
N __ ghew __ gnhewNT
z;}ew — n=1 y(an)(Xn 1\’/‘]{ )(XTL l'l’k ) _246 v 10_7
ke 1.72 X 107>
| 0.003
ﬂ}(’lew p— & F B "":_
N ~1
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M-step: reevaluate parameters

= Componentk =1

N, =(246x10774+1.72%x107°4+0.003+1+1+1) =3

new __ 11\1’=1 V(an)xn [8.49

Hi = N, ~ l1.84
Znew — g=1 V(an)(xn T ﬂ?ew)(xn T ”?eW)T — 1021 014
1 N, 0.14 0.40
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M-step: reevaluate parameters

= Componentk = 2

N,=(1+14+0993+1.33x107°+1.40x 1077 +8.50x 1078) =3

new _ Tl\l,=1 y(ZRZ)Xn _ [1.83
M N, 6.84

n=1¥(Zn2) Xy — 13°) (X —13°*)" 1039  —0.28
N, -028 0.17

new _
2:2

N 3
mpev =22 23 _ s
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EM-algorithm for GMM

After one iteration

-y o [o.50
feature 2 iXing components: 1T = 0500
X1
® %o 8.49 1.84

H{
Cluster centers: M = —

o
X3 H2,Z;)

Covariance matrices: Xy = [8%1 813
A s, = [ 039 ~028)
% ® X 27 1-028 0.17
P2 —
X6
feature 1
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