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Defining our problem:

𝑝 𝑥

𝑥𝑛, 𝑧1 = 1 𝑥𝑛+33, 𝑧2 = 1 𝑥𝑛+53, 𝑧3 = 1

𝑥

Obtain a marginal probability distribution for 
continuous variable 𝑥.

▪ If we have a joint distribution over variables 𝑥 and 𝑧, we can 
obtain the marginal using the sum rule: 𝑝 𝑥 = σ𝑧 𝑝 𝑥, 𝑧 .

▪ We can write the joint distribution as the multiplication of a 
conditional distribution and a marginal distribution using the 
product rule: 𝑝(𝑥, 𝑧) = 𝑝(𝑥|𝑧)𝑝(𝑧)
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Defining our problem:

𝑝 𝑥

𝑥

𝑝 𝑥|𝑧1 = 1 = 𝒩 𝑥|𝜇1, 𝜎1
2

𝑝 𝑥|𝑧2 = 1 = 𝒩 𝑥|𝜇2, 𝜎2
2

𝑝 𝑥|𝑧3 = 1 = 𝒩 𝑥|𝜇3, 𝜎3
2

𝑥𝑛, 𝑧1 = 1 𝑥𝑛+33, 𝑧2 = 1 𝑥𝑛+53, 𝑧3 = 1

𝑝 𝑧1 = 1 = 𝜋1

𝑝 𝑧2 = 1 = 𝜋2

𝑝 𝑧3 = 1 = 𝜋3

𝑝 𝑥 =෍

𝑧

𝑝(𝑥|𝑧)𝑝(𝑧) =෍

𝑘

𝒩 𝑥|𝜇𝑘 , 𝜎𝑘
2 𝜋𝑘
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Defining our problem:

𝑝 𝑥

𝑥

Likelihood function: 𝐿 𝜇1, 𝜎1
2|𝐗1 = 𝒩 𝑥1|𝜇1, 𝜎1

2 ×⋯×𝒩 𝑥𝑁1|𝜇1, 𝜎1
2 = ς𝑛=1

𝑁1 𝒩 𝑥n|𝜇1, 𝜎1
2

Log-likelihood function: 𝑙𝑙 𝜇1, 𝜎1
2|𝐗1 = σ𝑛=1

𝑁1 ln𝒩 𝑥n|𝜇1, 𝜎1
2

𝐗1, 𝑧1 = 1

Obtain the parameters for the conditional 
distributions 𝑝 𝑥 𝑧 by maximizing the log-
likelihood function, given each value of 𝑧.
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Defining our problem:

𝑝 𝑥

𝑥

𝑥𝑛, 𝑧1 = 1 𝑥𝑛+33, 𝑧2 = 1 𝑥𝑛+53, 𝑧3 = 1

𝑝 𝑥 =෍

𝑧

𝑝(𝑥|𝑧)𝑝(𝑧) =෍

𝑘

𝒩 𝑥|𝜇𝑘 , 𝜎𝑘
2 𝜋𝑘

𝑝 𝑥 = 𝜋1𝒩 𝑥|𝜇1, 𝜎1
2 + 𝜋2𝒩 𝑥|𝜇2, 𝜎2

2 + 𝜋3𝒩 𝑥|𝜇3, 𝜎3
2
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Defining our problem:

𝑝 𝑥

𝑥

𝑥𝑛, 𝑧1 = ? 𝑥𝑛+33, 𝑧2 = ? 𝑥𝑛+53, 𝑧3 = ?

Obtain a marginal probability distribution for 
continuous variable 𝑥, when we don’t know 𝒛

▪ Consider 𝑧 a latent variable (unobserved)
▪ If we have a joint distribution over variables 𝑥 and 𝑧, we can 

obtain the marginal using the sum rule: 𝑝 𝑥 = σ𝑧 𝑝 𝑥, 𝑧 .
▪ We can write the joint distribution as the multiplication of a 

conditional distribution and a marginal distribution using the 
product rule: 𝑝(𝑥, 𝑧) = 𝑝(𝑥|𝑧)𝑝(𝑧)
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GMM: latent variable representation
▪ Model the probability density distribution of a random variable 𝐱 as a mixture of 

Gaussians

𝑝 𝐱 = ෍

𝑘=1

𝐾

𝜋𝑘𝒩 𝐱|𝝁𝑘 , 𝚺𝑘

▪ Introducing the binary random variable 𝐳 that indicates a possible component from 
which a data point 𝐱 was generated. 𝐳 will have a 1-of-K encoding such that 𝑧𝑘 ∈
0,1 and σ𝑘 𝑧𝑘 = 1.

𝑝 𝑧𝑘 = 1 = 𝜋𝑘 , 0 ≤ 𝜋𝑘 ≤ 1, ෍

𝑘=1

𝐾

𝜋𝑘 = 1

𝑝 𝐳 =ෑ

𝑘=1

𝐾

𝜋𝑘
𝑧𝑘
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GMM: latent variable representation
▪ Define a joint distribution 𝑝(𝐱, 𝐳) in terms of random variables 𝐱 and 𝐳

▪ We can write a joint distribution using the product rule:

𝑝 𝐱, 𝐳 = 𝑝 𝐱|𝐳 𝑝 𝐳

▪ And the conditional distribution of 𝐱 given a value of 𝐳 (i.e. the conditional probability 
of 𝐱 given that it was generated by component 𝑘)

𝑝 𝐱|𝑧𝑘 = 1 = 𝒩 𝐱|𝝁𝑘 , 𝚺𝑘

𝑝 𝐱|𝐳 =ෑ

𝑘=1

𝐾

𝒩 𝐱|𝝁𝑘 , 𝚺𝑘
𝑧𝑘
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GMM: latent variable representation
▪ Using the sum rule, we can marginalize variable 𝐳 (i.e. sum over the possible states of 
𝐳) to obtain 𝑝(𝐱)

𝑝 𝐱 =෍

𝐳

𝑝 𝐱, 𝐳 =෍

𝐳

𝑝 𝐱|𝐳 𝑝 𝐳 =෍

𝐳

ෑ

𝑘=1

𝐾

𝒩 𝐱|𝝁𝑘 , 𝚺𝑘
𝑧𝑘ෑ

𝑘=1

𝐾

𝜋𝑘
𝑧𝑘

𝑝 𝐱 =෍

𝐳

ෑ

𝑘=1

𝐾

𝜋𝑘
𝑧𝑘𝒩 𝐱|𝝁𝑘 , 𝚺𝑘

𝑧𝑘 = ෍

𝑘=1

𝐾

𝜋𝑘𝒩 𝐱|𝝁𝑘 , 𝚺𝑘
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GMM: latent variable representation
▪ Using the Bayes rule, we can compute the conditional probability of 𝐳 given 𝐱, i.e. 

responsibility that component 𝑘 explains the observation 𝐱

𝛾 𝑧𝑘 = 𝑝 𝑧𝑘 = 1|𝐱 =
𝜋𝑘𝒩 𝐱|𝝁𝑘 , 𝚺𝑘

σ𝑗=1
𝐾 𝜋𝑗𝒩 𝐱|𝝁𝑗 , 𝚺𝑗
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MLE for GMM
▪ Probability density function for GMM

𝑝 𝐱 = ෍

𝑘=1

𝐾

𝜋𝑘𝒩(𝐱|𝝁𝑘 , 𝚺𝑘)

▪ Likelihood function of the dataset 𝐗

𝐿 𝝅, 𝝁, 𝚺 𝐗 =ෑ

𝑛=1

𝑁

𝑝 𝐱𝑛 = ෑ

𝑛=1

𝑁

෍

𝑘=1

𝐾

𝜋𝑘𝒩(𝐱𝑛|𝝁𝑘 , 𝚺𝑘)

▪ Log-likelihood function of the dataset 𝐗

𝑙𝑙 𝝅, 𝝁, 𝚺 𝐗 = ln 𝐿 𝝅, 𝝁, 𝚺 𝐗 = lnෑ

𝑛=1

𝑁

෍

𝑘=1

𝐾

𝜋𝑘𝑁(𝐱𝑛|𝝁𝑘 , 𝚺𝑘) = ෍

𝑛=1

𝑁

ln ෍

𝑘=1

𝐾

𝜋𝑘𝒩 𝐱𝑛|𝝁𝑘 , 𝚺𝑘



CS4641B Machine Learning | Fall 2020 12

MLE for GMM
▪ Mean for each component, 𝝁𝑘

𝜕

𝜕𝝁𝑘
𝑙𝑙 𝝅, 𝝁, 𝚺 𝐗 = 0 → 𝝁𝑘 =

σ𝑛=1
𝑁 𝛾 𝑧𝑛𝑘 𝐱𝑛
σ𝑛=1
𝑁 𝛾 𝑧𝑛𝑘

▪ Covariance for each component, 𝚺𝑘

𝜕

𝜕𝚺𝑘
𝑙𝑙 𝝅, 𝝁, 𝚺 𝐗 = 0 → 𝚺𝑘 =

σ𝑛=1
𝑁 𝛾 𝑧𝑛𝑘 𝐱𝑛 − 𝝁𝑘 𝐱𝑛 − 𝝁𝑘

𝑇

σ𝑛=1
𝑁 𝛾 𝑧𝑛𝑘

▪ Mixing component, 𝜋𝑘

𝜕

𝜕𝜋𝑘
𝑙𝑙 𝝅, 𝝁, 𝚺 𝐗 = 0 → 𝜋𝑘 =

σ𝑛=1
𝑁 𝛾 𝑧𝑛𝑘

𝑁
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MLE for GMM

𝑝 𝑥

𝑥

𝑝 𝐱 = ෍

𝑘=1

𝐾

𝜋𝑘𝒩 𝐱|𝝁𝑘 , 𝚺𝑘

𝐿 𝜋, 𝜇, 𝜎2|𝐗 =ෑ

𝑛=1

𝑁

෍

𝑘=1

𝐾

𝜋𝑘𝒩 𝑥n|𝜇𝑘 , 𝜎𝑘
2

𝐗
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EM-algorithm for GMM
▪ E-step: evaluate the responsibilities using current parameters

𝛾 𝑧𝑛𝑘 =
𝜋𝑘𝒩 𝐱n|𝝁𝑘 , 𝚺𝑘

σ𝑗=1
𝐾 𝜋𝑗𝒩 𝐱n|𝝁𝑗 , 𝚺𝑗

▪ M-step: re-estimate the parameters using the current responsibilities

𝝁𝑘
𝑛𝑒𝑤 =

σ𝑛=1
𝑁 𝛾 𝑧𝑛𝑘 𝐱𝑛

𝑁𝑘

𝚺𝑘
𝑛𝑒𝑤 =

σ𝑛=1
𝑁 𝛾 𝑧𝑛𝑘 𝐱𝑛 − 𝝁𝑘

𝑛𝑒𝑤 𝐱𝑛 − 𝝁𝑘
𝑛𝑒𝑤 𝑇

𝑁𝑘

𝜋𝑘
𝑛𝑒𝑤 =

𝑁𝑘
𝑁

Where  𝑁𝑘 = σ𝑛=1
𝑁 𝛾 𝑧𝑛𝑘
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EM-algorithm for GMM

Dataset: 𝐗 =

𝐱1
𝑇

𝐱2
𝑇

𝐱3
𝑇

𝐱4
𝑇

𝐱5
𝑇

𝐱6
𝑇
𝑁×𝐷

=

1.0
2.5

8.0
7.5

2.0
8.5

7.0
2.5

9.0
8.0

2.0
1.0 𝑁×𝐷=6×2

Parameter initialization

Mixing components: 𝝅 =
0.60
0.40 1×𝐾

Cluster centers: 𝚳 =
𝝁1
𝑇

𝝁2
𝑇 =

4.5 2.5
2.5 5.0 𝐾×𝐷=2×2

Covariance matrices: 𝚺𝟏 = 𝚺𝟐 =
1 0
0 1 𝐷×𝐷=2×2

feature 2

feature 1

𝐱1
𝐱2

𝐱𝟑

𝐱𝟒

𝐱𝟓
𝐱𝟔

𝝁𝟐, 𝚺𝟐

𝝁𝟏, 𝚺𝟏



▪ For each datapoint 𝐱𝑛, evaluate 𝛾 𝑧𝑛𝑘 =
𝜋𝑘𝒩 𝐱n|𝝁𝑘,𝚺𝑘

σ𝑗=1
𝐾 𝜋𝑗𝒩 𝐱n|𝝁𝑗,𝚺𝑗

𝒩 𝐱𝑛|𝝁𝑘 , 𝚺𝑘 =
1

2𝜋
𝐷
2 𝚺

1
2

exp −
1

2
𝐱𝑛 − 𝝁𝑘

T𝚺−𝟏 𝐱𝑛 − 𝝁𝑘

▪ Let’s consider 𝐱1
𝑇 = 1.0 8.0

▪ For 𝐳𝑇 = 1 0 (component 𝑘 = 1)

𝒩 𝐱1|𝝁1, 𝚺1 =
1

2𝜋 det
1 0
0 1

1
2

exp −
1

2
1.0 − 4.5 8.0 − 2.5

1 0
0 1

1.0 − 4.5
8.0 − 2.5

= 9.40 × 10−11

▪ For 𝐳𝑇 = 0 1 (component 𝑘 = 2)

𝒩 𝐱1|𝝁2, 𝚺2 =
1

2𝜋 det
1 0
0 1

1
2

exp −
1

2
1.0 − 2.5 8.0 − 5.0

1 0
0 1

1.0 − 2.5
8.0 − 5.0

= 5.74 × 10−4
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E-step: evaluate responsibilities
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EM-algorithm for GMM

Dataset: 𝐗 =

𝐱1
𝑇

𝐱2
𝑇

𝐱3
𝑇

𝐱4
𝑇

𝐱5
𝑇

𝐱6
𝑇
𝑁×𝐷

=

1.0
2.5

8.0
7.5

2.0
8.5

7.0
2.5

9.0
8.0

2.0
1.0 𝑁×𝐷=6×2

Parameter initialization

Mixing components: 𝝅 =
0.60
0.40 1×𝐾

Cluster centers: 𝚳 =
𝝁1
𝑇

𝝁2
𝑇 =

4.5 2.5
2.5 5.0 𝐾×𝐷=2×2

Covariance matrices: 𝚺𝟏 = 𝚺𝟐 =
1 0
0 1 𝐷×𝐷=2×2

feature 2

feature 1

𝐱1
𝐱2

𝐱𝟑

𝐱𝟒

𝐱𝟓
𝐱𝟔

𝝁𝟐, 𝚺𝟐

𝝁𝟏, 𝚺𝟏
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EM-algorithm for GMM

Dataset: 𝐗 =

𝐱1
𝑇

𝐱2
𝑇

𝐱3
𝑇

𝐱4
𝑇

𝐱5
𝑇

𝐱6
𝑇
𝑁×𝐷

=

1.0
2.5

8.0
7.5

2.0
8.5

7.0
2.5

9.0
8.0

2.0
1.0 𝑁×𝐷=6×2

Parameter initialization

Mixing components: 𝝅 =
0.60
0.40 1×𝐾

Cluster centers: 𝚳 =
𝝁1
𝑇

𝝁2
𝑇 =

4.5 2.5
2.5 5.0 𝐾×𝐷=2×2

Covariance matrices: 𝚺𝟏 = 𝚺𝟐 =
1 0
0 1 𝐷×𝐷=2×2

feature 2

feature 1

𝐱1
𝐱2

𝐱𝟑

𝐱𝟒

𝐱𝟓
𝐱𝟔

𝝁𝟐, 𝚺𝟐

𝝁𝟏, 𝚺𝟏



▪ For each datapoint 𝐱𝑛, evaluate 𝛾 𝑧𝑛𝑘 =
𝜋𝑘𝒩 𝐱n|𝝁𝑘,𝚺𝑘

σ𝑗=1
𝐾 𝜋𝑗𝒩 𝐱n|𝝁𝑗,𝚺𝑗

𝒩 𝐱𝑛|𝝁𝑘 , 𝚺𝑘 =
1

2𝜋
𝐷
2 𝚺

1
2

exp −
1

2
𝐱𝑛 − 𝝁𝑘

T𝚺−𝟏 𝐱𝑛 − 𝝁𝑘

▪ Let’s consider 𝐱5
𝑇 = 9.0 2.0

▪ For 𝐳𝑇 = 1 0 (component 𝑘 = 1)

𝒩 𝐱5|𝝁1, 𝚺1 =
1

2𝜋 det
1 0
0 1

1
2

exp −
1

2
9.0 − 4.5 2.0 − 2.5

1 0
0 1

9.0 − 4.5
2.0 − 2.5

= 5.63 × 10−6

▪ For 𝐳𝑇 = 0 1 (component 𝑘 = 2)

𝒩 𝐱5|𝝁2, 𝚺2 =
1

2𝜋 det
1 0
0 1

1
2

exp −
1

2
9.0 − 2.5 2.0 − 5.0

1 0
0 1

9.0 − 2.5
2.0 − 5.0

= 1.18 × 10−12
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E-step: evaluate responsibilities
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EM-algorithm for GMM

Dataset: 𝐗 =

𝐱1
𝑇

𝐱2
𝑇

𝐱3
𝑇

𝐱4
𝑇

𝐱5
𝑇

𝐱6
𝑇
𝑁×𝐷

=

1.0
2.5

8.0
7.5

2.0
8.5

7.0
2.5

9.0
8.0

2.0
1.0 𝑁×𝐷=6×2

Parameter initialization

Mixing components: 𝝅 =
0.60
0.40 1×𝐾

Cluster centers: 𝚳 =
𝝁1
𝑇

𝝁2
𝑇 =

4.5 2.5
2.5 5.0 𝐾×𝐷=2×2

Covariance matrices: 𝚺𝟏 = 𝚺𝟐 =
1 0
0 1 𝐷×𝐷=2×2

feature 2

feature 1

𝐱1
𝐱2

𝐱𝟑

𝐱𝟒

𝐱𝟓
𝐱𝟔

𝝁𝟐, 𝚺𝟐

𝝁𝟏, 𝚺𝟏
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EM-algorithm for GMM

Dataset: 𝐗 =

𝐱1
𝑇

𝐱2
𝑇

𝐱3
𝑇

𝐱4
𝑇

𝐱5
𝑇

𝐱6
𝑇
𝑁×𝐷

=

1.0
2.5

8.0
7.5

2.0
8.5

7.0
2.5

9.0
8.0

2.0
1.0 𝑁×𝐷=6×2

Parameter initialization

Mixing components: 𝝅 =
0.60
0.40 1×𝐾

Cluster centers: 𝚳 =
𝝁1
𝑇

𝝁2
𝑇 =

4.5 2.5
2.5 5.0 𝐾×𝐷=2×2

Covariance matrices: 𝚺𝟏 = 𝚺𝟐 =
1 0
0 1 𝐷×𝐷=2×2

feature 2

feature 1

𝐱1
𝐱2

𝐱𝟑

𝐱𝟒

𝐱𝟓
𝐱𝟔

𝝁𝟐, 𝚺𝟐

𝝁𝟏, 𝚺𝟏



▪ For 𝐱1
𝑇 = 1.0 8.0 , 𝒩 𝐱𝟏|𝝁1, 𝚺1 = 9.4 × 10−11, 𝒩 𝐱𝟏|𝝁2, 𝚺2 = 5.74 × 10−4

▪ Component 𝑘 = 1: 𝛾 𝑧11 =
0.60×9.4×10−11

0.60×9.4×10−11 + 0.40×5.74×10−4
= 2.46 × 10−7

▪ Component 𝑘 = 2: 𝛾 𝑧12 =
0.40×5.74×10−4

0.60×9.4×10−11 + 0.40×5.74×10−4
= ~1

▪ For 𝐱5
𝑇 = 9.0 2.0 , 𝒩 𝐱5|𝝁1, 𝚺1 = 5.63 × 10−6, 𝒩 𝐱5|𝝁2, 𝚺2 = 1.18 × 10−12

▪ Component 𝑘 = 1: 𝛾 𝑧51 =
0.60×5.63×10−6

0.60×5.63×10−6 + 0.40×1.18×10−12
= ~1

▪ Component 𝑘 = 2: 𝛾 𝑧52 =
0.40×1.18×10−12

0.60×5.63×10−6 + 0.40×1.18×10−12
= 1.40 × 10−7
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E-step: evaluate responsibilities



Responsibilities: 𝚪 =

2.46 × 10−7

1.72 × 10−5
~1
~1

0.003
~1

0.997
1.33 × 10−6

~1
~1

1.40 × 10−7

8.50 × 10−8 𝑁×𝐾
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E-step: evaluate responsibilities

feature 2

feature 1

𝐱1
𝐱2

𝐱𝟑

𝐱𝟒

𝐱𝟓
𝐱𝟔

𝝁𝟐, 𝚺𝟐

𝝁𝟏, 𝚺𝟏
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M-step: reevaluate parameters

𝑁𝑘 =෍
𝑛=1

𝑁

𝛾 𝑧𝑛𝑘

𝝁𝑘
𝑛𝑒𝑤 =

σ𝑛=1
𝑁 𝛾 𝑧𝑛𝑘 𝐱𝑛

𝑁𝑘

𝚺𝑘
𝑛𝑒𝑤 =

σ𝑛=1
𝑁 𝛾 𝑧𝑛𝑘 𝐱𝑛 − 𝝁𝑘

𝑛𝑒𝑤 𝐱𝑛 − 𝝁𝑘
𝑛𝑒𝑤 𝑇

𝑁𝑘

𝜋𝑘
𝑛𝑒𝑤 =

𝑁𝑘
𝑁

𝐗 =

1.0
2.5

8.0
7.5

2.0
8.5

7.0
2.5

9.0
8.0

2.0
1.0

,

𝚪 =

2.46 × 10−7

1.72 × 10−5
~1
~1

0.003
~1

0.997
1.33 × 10−6

~1
~1

1.40 × 10−7

8.50 × 10−8
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M-step: reevaluate parameters

▪ Component 𝑘 = 1

𝑁1 = 2.46 × 10−7 + 1.72 × 10−5 + 0.003 + 1 + 1 + 1 ≅ 3

𝝁1
𝑛𝑒𝑤 =

σ𝑛=1
𝑁 𝛾 𝑧𝑛1 𝐱𝑛

𝑁1
=

8.49
1.84

𝚺1
𝑛𝑒𝑤 =

σ𝑛=1
𝑁 𝛾 𝑧𝑛1 𝐱𝑛 − 𝝁1

𝑛𝑒𝑤 𝐱𝑛 − 𝝁1
𝑛𝑒𝑤 𝑇

𝑁1
=

0.21 0.14
0.14 0.40

𝜋1
𝑛𝑒𝑤 =

𝑁1
𝑁
=
3

6
= 0.5
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M-step: reevaluate parameters

▪ Component 𝑘 = 2

𝑁2 = 1 + 1 + 0.993 + 1.33 × 10−6 + 1.40 × 10−7 + 8.50 × 10−8 ≅ 3

𝝁2
𝑛𝑒𝑤 =

σ𝑛=1
𝑁 𝛾 𝑧𝑛2 𝐱𝑛

𝑁2
=

1.83
6.84

𝚺2
𝑛𝑒𝑤 =

σ𝑛=1
𝑁 𝛾 𝑧𝑛2 𝐱𝑛 − 𝝁2

𝑛𝑒𝑤 𝐱𝑛 − 𝝁2
𝑛𝑒𝑤 𝑇

𝑁2
=

0.39 −0.28
−0.28 0.17

𝜋2
𝑛𝑒𝑤 =

𝑁2
𝑁
=
3

6
= 0.5
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EM-algorithm for GMM
After one iteration

Mixing components: 𝝅 =
0.50
0.50 1×𝐾

Cluster centers: 𝚳 =
𝝁1
𝑇

𝝁2
𝑇 =

8.49 1.84
1.83 6.84 𝐾×𝐷=2×2

Covariance matrices: 𝚺𝟏 =
0.21 0.14
0.14 0.40

𝚺𝟐 =
0.39 −0.28
−0.28 0.17

feature 2

feature 1

𝐱1
𝐱2

𝐱𝟑

𝐱𝟒

𝐱𝟓
𝐱𝟔

𝝁𝟐, 𝚺𝟐

𝝁𝟏, 𝚺𝟏


