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Formal statement of the clustering problem
▪ Given 𝑁 data points, 𝐱1, 𝐱2, … , 𝐱𝑁 ∈ ℝ𝑁×𝐷

▪ Find 𝑘 cluster centers 𝝁1, 𝝁2, … , 𝝁𝐾 ∈ ℝ𝐾×𝐷

▪ And assign each data point 𝐱𝑛 to one cluster 𝑘 such that 𝑟𝑛𝑘 = 1 and 𝑟𝑛𝒋 = 0 for 𝑗 ≠

𝑘 (1-of-K encoding) 

▪ Such that the average square distances from each data point to its respective cluster 
center (distortion measure) is small:

min
𝝁𝑘,𝑟𝑛𝑘
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Formal statement of the clustering problem

min
𝝁𝑘,𝑟𝑛𝑘
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K-means algorithm revisited
▪ Step 1: Keeping 𝝁𝑘 and computing the squared distances between 𝐱𝑛 and 𝝁𝑘, we can 

optimize the objective simply by assigning 𝐱𝑛 to the nearest cluster center

𝑟𝑛𝑘 = ൝
1 if 𝑘 = argmin

𝑗
𝐱𝑛 − 𝝁𝑘 2

2

0 otherwise

▪ Step 2: Keeping 𝑟𝑛𝑘 fixed we can optimize the objective with respect to 𝝁𝑘 by setting 
the derivative wrt to 𝝁𝑘 to zero

𝜕

𝜕𝝁𝑘


𝑛=1

𝑁

𝑟𝑛𝑘 𝐱𝑛 − 𝝁𝑘
𝑇 𝐱𝑛 − 𝝁𝑘 = 2

𝑛=1

𝑁

𝑟𝑛𝑘 𝐱𝑛 − 𝝁𝑘 = 0 → 𝝁𝑘 =
σ𝑛 𝑟𝑛𝑘𝐱𝑛
σ𝑛 𝑟𝑛𝑘
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K-means algorithm example

Dataset: 𝐗 =

𝐱1
𝑇
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𝑇
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Cluster assignment: 𝐑 =

?
?

?
?

?
?

?
?

?
?

?
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Cluster centers: 𝚳 =
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𝑇 =
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2.5 5.0 𝐾×𝐷=2×2
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K-means algorithm: Step 1

Keeping 𝝁𝑘 and computing the squared 
distances between 𝐱𝑛 and 𝝁𝑘, we can 
optimize the objective simply by 
assigning 𝐱𝑛 to the nearest cluster 
center

𝑟𝑛𝑘 = ൝
1 if 𝑘 = argmin

𝑗
𝐱𝑛 − 𝝁𝑘 2

2

0 otherwise
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K-means algorithm: Step 1
𝐱𝑛 − 𝝁𝑘 2

2 =
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K-means algorithm: Step 1

𝑟𝑛𝑘 = ൝
1 if 𝑘 = argmin

𝑗
𝐱𝑛 − 𝝁𝑘 2

2

0 otherwise

𝐃 =

42.5
29.0

11.25
6.25

26.5
16.0

4.25
42.25

20.5
14.5

51.25
46.25 𝑁×𝐾

→ 𝐑 =

0
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1
1

0
1

1
0

1
1

0
0 𝑁×𝐾
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K-means algorithm: Step 2

Keeping 𝑟𝑛𝑘 fixed we can optimize the
objective with respect to 𝝁𝑘 by setting
the derivative wrt to 𝝁𝑘 to zero and 
obtain

𝝁𝑘 =
σ𝑛 𝑟𝑛𝑘𝐱𝑛
σ𝑛 𝑟𝑛𝑘
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K-means algorithm: Step 2

𝐗 =

1.0
2.5

8.0
7.5

2.0
8.5

7.0
2.5

9.0
8.0

2.0
1.0 𝑁×𝐷

𝐑 =

0
0

1
1

0
1

1
0

1
1

0
0 𝑁×𝐾

𝝁𝟏 =
σ𝑛 𝑟𝑛𝑘𝐱𝑛
σ𝑛 𝑟𝑛𝑘

=
(0 × 𝐱1) + (0 × 𝐱2) + (0 × 𝐱3) + (1 × 𝐱4) + 1 × 𝐱5 + (1 × 𝐱6)

0 + 0 + 0 + 1 + 1 + 1
=

8.5
1.83

𝝁𝟐 =
σ𝑛 𝑟𝑛𝑘𝐱𝑛
σ𝑛 𝑟𝑛𝑘

=
(1 × 𝐱1) + (1 × 𝐱2) + (1 × 𝐱3) + (0 × 𝐱4) + 0 × 𝐱5 + (0 × 𝐱6)

1 + 1 + 1 + 0 + 0 + 0
=

1.83
7.5
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K-means algorithm: Step 2
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Practical aspects of K-means: data range

feature 2

feature 1
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Practical aspects of K-means: distribution

feature 2

feature 1
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Practical aspects of K-means: selecting K

feature 2

feature 1


